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ABSTRACT 

Let GZ deaote the region between the  un i t  c i r c l e  I' and 

the  f r e e  boundary y. 

within G and continuous on G + I' + y; = 0 on I'; 

Find the  function J ,  so t h a t  J, is harmonic 

z z f 
= const on y; grad 1c, = Q on y, with Q(x, y) given. w 

A 

1. Formulation of the  Problem. L e t  lzl 5 1, z = 3c + Zzj hold with-/979* 

i n  a u n i t  circle; let the  ( suf f ic ien t ly  continuous) function Qcz, y) > 0 be 

given- It is  necessary t o  determine the continuous curve y located within 

the circle Izl < 1, so t ha t  /doubly-connected region G,, which i s  l imited by 

y and a uni t  c i r c l e  r: l a ]  = 1, the following conditions a re  fu l f i l l ed :  

1) t he  function $fz, $1 e x i s t s  which i s  harmonic within G, and continuous i n  

G, + y + r; 2) J, = 0 on r; 3) JI = el, e1 = const # 0 on y; 4) lgrad $ 1  = Q 

O n Y  

i n  

Since the formulation of the problem is invariant  with respect t o  the 

conformal mapping, the case of an arb i t ra ry  curve r which defines the doubly- 

connected region may be readi ly  reduced t o  the case under consideration. 

This problem arises i n  hydrodynamics where spec ia l  assumptions regarding 

r and Q are formulated ( the  theory of waves i n  a heavy l iqu id ,  j e t  flows), 

and i n  these cases, considerable progress has been made regarding t h i s  problem. 
~~ ~ ~ 

* Note: Numbers i n  the margin indicate  pagination i n  the or ig ina l  foreign 
text .  



Thus, A. I. Nekrasov w a s  the f i r s t  t o  show the  existence of per iodic  waves 

i n  a heavy l iqu id  (1921) [see, f o r  example, (Ref. 4),  page 3581. M. A. 

Lavrent’yev (Ref. 3) proved the existence of a s ing le  wave (1946). 

s tud ies  on t h i s  problem have been compiled i n  a book (Ref. 5). 

formulation we are considering, the problemwas studied by Beurling (Ref. 21, 

Recent 

In the 

which presented a c l a s s i f i ca t ion  of the possible  cases, indicated cer ta in  cri- 

teria €or the solut ion,  and a l so  presented s u f f i c i e n t  conditions of uniqueness. 

This article applies the analyt ical  method t o  study the problem, presents cri- 

teria which may be e f f ec t ive ly  ver i f ied  f o r  the ( local)  uniqueness of the 

problem, and conditions s u f f i c i e n t  f o r  existence. 

2. Reduction t o  an A u x i l i a r y  Problem. Let 4(z, y) be the adjoint  func- 

t i on  which is  harmonic t o  JI ( f r i c t ion  poten t ia l ) .  If we designate the (un- 

known) flow c i rcu la t ion  by 

f unc t i on 

- 
v = sign cll Q ds # 0 ,  and i f  we inves t iga te  the 

Y 

w e  may readi ly  shuw tha t  i t  performs conformal and one-sheeted mapping of the 

unknown region Gz i n t o  the  &%& GT:r 5 1 . ~ 1  5 1, where r = exp {-(2a/;)q}< 1 

( the  radius r i s  unknown). Therefore, the function z = z ( T , ) ,  which is the in- 

verse function of ( l ) ,  is found. The last condition of the problem i n  terms 

of the  var iable  Z ( T )  assumes the following form 

- r  

4 

* The der ivat ive dz/d.r contains no zeros i n  . In addition, the func- 

t i o n  

i s  s ing le  valued, regular,  and analyt ic  i n  G T .  The function Z ( T )  can be 
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readi ly  expressed by mans  of F ( T ) .  Performing the appropriate normalization 

i n  the  select ion of 4, w e  obtain the formula 
1 

2 (T) = q e x p  (F ( t ) )  dt +l. (4) 
1 

Thus, the  problem may be  reduced to determining the function P(T) , 1980 

f o r  w h i c h  t he  function (4) is one-sheeted in GT. 

3. Reduction to In tegra l  Equations. L e t  us represent the fmctim P(?l 

where 5fu; w, 0.1 i s  the  Weirstrass function with the half-periods w = - B ,  

u* = -5 In r; C - the  real constant [see, fo r  example, (Ref. 1); we should 

point out that in t h i s  book, formula (5) is  not given precisely.  It does 

not include the last component on the right]. 

the  term iC is unimportant. Comparing formulas (3) and (2), w e  can see tha t  

p l ( s )  = - In  

function ( 5 )  

condition be 

Q(x, yl, where x ( s )  + i y fs )  = z+(reG). In order t o  make the  

single-valued, it is  necessary and su f f i c i en t  t h a t  t he  following 

For purposes of brevi ty ,  let  us introduce the designation 

(s(u)  f s(u; w, w * ) )  
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stp (s) = $1 p (s) [ b  (a -s- i In r )  + i (T. t + +In F ) ]  ds;' 
0 

The f i r s t  i n t eg ra l  designates the pr incipal  Cauchy value. W e  s h a l l  assme 

t h a t  t h e  functions ~(6). x ( s ) ,  y(s) and the parameter A a r e  unknown. 

subs t i t u t e  (5) i n  ( 4 ) ,  and let us compute the l imi t ing  values of z+(eia), 

By requiring tha t  the  points of the  c i r c l e  I T ]  = 1 map i n t o  the points of 

the  c i r c l e  izl = 1, we obtain the f i r s t  equation 

L e t  us 

I 
A~ i~ exp { ia + SP (a) + s1 In Q (2, y) (a)) da + I 1 - I = o I i  0 (7) 

in order t o  determine A, v(sJ, z(s), y(s l .  

computing the values of z+(zleis): 

W e  obtain two other equations by 

r 

1 z+ (refa) = x (5) + i y  (0)  =A + A 5 exp {P ( t ) )  dt + 
+- iAr \ Q-' (E (a), y (3)) exp (ia + 80 In Q (r, Y) (6) + &P (a)) d6- 

a 
1 

( 8) 

0 

Thus, the problem under consideration i s  equivalent t o  the system /981 

of equations (7) and (8) fo r  the unlcnowns A, ~ ( s ) ,  z(s), y(s), and we must 

f ind  i t s  so lu t ion  which makes the functions (4) and (5) one-sheeted. 

The r e s u l t s  presented below pertain t o  the spec ia l  case when 

&?(x, $1 E q ( p 1 ,  where p2 = z2 + 3'. In t h i s  case, A, ~ ( s l  and p(s) are un- 

known. In order t o  determine them, w e  obtain equation (7) together with the 

equation 

( i n  order t o  obtain t h i s  equation, w e  must take the modulus of both pa r t s  

4 



I 

of ( 8 )  and square them; L i s  the function corresponding t o  the  f i r s t  inte- 

g r a l  i n  ( 8 ) ) .  

4. Spaces and Operators. Let us designate the  t r i p l e t  set P ( X ,  u ,  p) 

by E, and le t  LIS assume that p, p E Lip B, fi > 0, , and let us assume t h a t  p f s )  

is 2u-periodic. Introducing the norm {I b I I E =  ' I A  1 + fI IJ 11 Lip + I{ P lLip 
€or E, w e  obtain the  t o t a l ,  normalized, l i n e a r  Banach space. The radius P and 

the  parameter X are re la ted  by the equation Xr In r = - 
v ic in i ty  of any r # e-l, the single-valued branch r = r(X1 i s  determined. 

t inuing r(Xl and q ( p 1  for a l l  real X and p ,  and maintaining su f f i c i en t  smooth- 

ness, w e  can extend the  operators A o ,  A I ,  A2 t o  a l l  E. We designate the t r ip -  

le t  set w 1  = (PO, pi, u p )  by El, where PO is a number, ~ 1 ,  112 are functions of 

s, and pz E Lip f i ,  pi E Lip b, pt' E Lip fl, ~ ~ ( 0 )  = 0. 

by means of the forraula, 11 at [[E, = 1 w[ 4- 11 

; thus, i n  t he  

Con- 

The set E l ,  which is normalized 

IILIP B -I- 11 PI' l l ~ l p  si- 11 pz 11~m-s , 

becomes a Banach space. 

termine the  continuous and continuously d i f fe ren t iab le  mapping w~ = $ f d E  

i n t o  El. 

It is found t h a t  the three  operators A o ,  A l ,  A2 de- 

When attempting t o  determine the  symmetrical region G,: 121 = PO, w e  

obtain J, = e1 l n  p / In  p o  and po is determined from equation 

POQ(p0) InPo= - I C t l .  (9) 

I f  P O  is the  root of t h i s  equation, then the t r i p l e t  

a 0  = (10, Po, Po) = ( q ( p 0 ) ;  In q ( p 0 ) ;  Po) ,  

as may be seen, s a t i s f i e s  equation g(00) = 0. 

the  solut ion of equation g(w) = 0 which i s  close t o  w o .  

The problem consis ts  of f inding 

5 .  Linearized System. Theorem of Uniqueness. L e t  us set 

X = (AA, h, 21, X1 = (1.10, 1.11, 1.121, and let  us invest igate  the  inhomogeneous 
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equation 

cp'(o0; X) = xi, X E E ,  X i E E i ,  (10) 

where $'(wg; X) is  the  Freshe derivative of mapping w 1  = $ ( w )  at the  point 

wo. Equation (10) is  equivalent t o  a ce r t a in  l i nea r  boundary problem i n  a 

circle f o r  an analy t ica l  function. By expansion in Laurent series, t h i s  prob- 

l e m  can be solved completely. 

Theorem 1. L e t  q ( p )  have a second der ivat ive which is continuous i n  the 

sense of Hilder, and which is posi t ive i n  the v i c in i ty  of the root P O  of equa- 

t i on  (9). 

t h a t  the following condition i s  f u l f i l l e d  

I n  addition, l e t  us set q ' ( p 0 )  # 0, p o  # e-l, and l e t  us assume 

In  order t ha t  equation (10) may be solved, it is  necessary and su f f i c i en t  

t ha t  the r igh t  pa r t  X1 s a t i s f y  the following condition 

where H( VI, ~ 2 1  i s  a cer ta in  l inear  function (which can be c lear ly  defined). 

Under conditions ( l l ) ,  the  homogeneous equation (XI = 0 )  has only the trivial 

s o l u t  i on. /982 

C a s e s  are a l so  examined when p o  = e-l or  q ' ( p 0 )  = 0.  I f  even one of 

conditions (11) is disturbed, non-trivial  solut ions,  which may be c l ea r ly  de- 

fined, appear fo r  the  homogeneous equation. 

Theorem 2 .  (regardinp, loca l  uniqueness). Under the conditions of theorem 

1, the  i n i t i a l  value problem i n  a cer ta in  (generally-speaking, small) v i c i n i t y  

of the function p(s) = p o  ( i n  the sense of metrics Lip 8 ,  B > 0) does not have 

non-trivial  (i.e.,  d i f fe ren t  from c i rcu lar )  solut ions.  
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The proof of t h i s  is  based on the  f a c t  t ha t  under the conditions of 

theorem 1, the  Freshe der ivat ive r$'fwo; X) contains the l e f t  inverse opera- 

to r .  

6 .  E x i s t a c e  Theorem. The problem w e  are considering enempasses the 

case of periodic  waves i n  a heavy liquid. 

has the form q f p )  = (BT~)-~ZJC + a-lgZ In p, where Z i s  the wave period, and 

C is  the Bernoulli constant. Therefore, w e  s h a l l  assume t ha t  - i n  addition 

The corresponding function q f p I  

t o  the variable p - q contains a cer ta in  amount of parameters 

v = ( V I ,  v2, ..., vn).  

The mapping w 1  =#(w;  v) w i l l  a l so  depend on v. 

the  root  of equation (9) f o r  certain fixed values of v = vo. 

W e  s h a l l  use po to designate 

Under the con- 

d i t ions  of theorem 1, i t  is found tha t  i n  the case of ~ ( p o )  # 0 there  i s  

an n-parametric solution: h = Afv), 1.1 = ~ ( v ,  81, p = p(v, sl of the system 

of equations A1 = 0, A2 

and is  such t ha t  Xtvol = Xo, u(v0, sl = PO, pfvo ,  s) = PO.  

= 0, which is  determined in the  v i c in i ty  of (PO, vo) 

I n  order t ha t  the  function (4) be one-sheeted, i t  is  necessary tha t  

t l (v1,  v2, . . ., vn) = Im 5 exp {P ( t ,  v)> tit = 0, 
1.1=1 

where Fft, v) i s  a function which is given by a formula such as (5) f o r  a 

given solution. W e  should point  out t h a t  fl(v1O, v2 0 , ..., vnoI = 0, because 

i n  t h i s  case the function (1) coincides with z. Direct computations show 

tha t  

It thus f o l l m s  t h a t  i f  
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the  p a r t i a l  der ivat ive of the function (13) with respect t o  V I  a t  the in i t ia l  

poidt v = v o  i s  d i f f e ren t  from zero. Consequently, there  i s  a function 

VI = v l ( v 2 ,  ..., vn) ,  f o r  which the function (13) vanishes. 

shown t ha t  t he  function f2i'vf = A o ( w ( 8 ,  v l ,  p f s ,  v i )  vanishes f o r  t h i s  func- 

t ion ,  and that the  function (4) is  one-sheeted, 

It can be a l so  

Theorem 3. (existence theorem). L e t  the function q depend on p and on 

n (important) parameters VI, v2, ..., vn, and l e t  the conditions of theorem 1 

be f u l f i l l e d  a t  the  point (PO, vo) .  I f  q is continuously d i f fe ren t iab le  with 

respect t o  the parameters v and i f  the condition (15) is  f u l f i l l e d ,  then i n  a 

ce r t a in  v i c in i ty  of p = p o ,  the  i n i t i a l  value problem has a fn - 1)-parametric 

set of solut ions which a re  d i f fe ren t  from the t r ivial  solut ion p = PO. 

We should point out t h a t  the variable e1 from the  t h i r d  condition may 

a lso  be assumed t o  be a parameter of the problem. In t h i s  case, there  i s  a 

n-parametric set of solutions.  As a consequence, w e  obtain the existence 

theorem of a biparametric set of periodic waves. 

Novosibirsk State University 
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